This article was downloaded by:

On: 28 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

VELUHE L UM ) 0 S DR Physics and Chemistry Of Liquids
Physics and Publication details, including instructions for authors and subscription information:
Chemistry of Liquids http://www.informaworld.com/smpp/title~content=t713646857

AN INTERNATIONAL JOUARNAL

Linear Response Relation between Charge Displaced in an Electron Liquid

by Relativistic and Nonrelativistic Theory

R. Baltin%; N. H. March®

2 Department of Theoretical Chemistry, University of Ulm, Ulm, West Germany ® Theoretical
Chemistry Department, University of Oxford, Oxford, England

Norman H. March

Emeritas Profesios, Oofond Unbee ity UE
M,

Giuseppe G. M. Angilella
{Co-Erfier] Uriversits o Catania, (starcs, Jlsly

To cite this Article Baltin, R. and March, N. H.(1989) 'Linear Response Relation between Charge Displaced in an Electron
Liquid by Relativistic and Nonrelativistic Theory', Physics and Chemistry of Liquids, 19: 3, 189 — 192

To link to this Article: DOI: 10.1080/00319108908030619
URL: http://dx.doi.org/10.1080/00319108908030619

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://ww.informaworld. confterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |oan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713646857
http://dx.doi.org/10.1080/00319108908030619
http://www.informaworld.com/terms-and-conditions-of-access.pdf

08: 35 28 January 2011

Downl oaded At:

Phys. Chem. Lig., 1989, Vol. 19, pp. 189-192 © 1989 Gordon and Breach Science Publishers Inc.
Reprints available directly from the publisher Printed in Great Britain
Photocopying permitted by license only

LETTER
Linear Response Relation between Charge Displaced in an
Electron Liquid by Relativistic and Nonrelativistic Theory

R. BALTIN* and N. H. MARCH

Theoretical Chemistry Department, University of Oxford, 5 South Parks Road,
Oxford OX1 3UB, England.

{ Received 28 October 1988 )

For a linear response theory of the charge displaced in an electron liquid by the same, given, single-particle
potential, the relativistic density is related directly to that derived from the Schrodinger equation.

KEY WORDS: Dirac equation, displaced charge.

We have recently treated' in relativistic quantum mechanics, the charge Ap,(x)
displaced according to linear response theory of an electron liquid by a given potential
V(x), where the index o denotes the fine-structure constant e?/(hc). The result was
shown to take the form

Ap,(x) = JFa(lx —x'DV(x)dx’ (N
with
F ’ — m ke . 2 '
Llx—X|) = —mL [Jo( qlx —x'})
alagq , q* dq
+m11(2¢1|"—x|):| (1 + (aagq) T (2

a, = h?/(me?), j,, and j, are the Bohr radius and the spherical Bessel functions of
order 0 and 1, respectively, and the electrons are supposed to occupy all positive-
energy free Dirac states up to the Fermi wave number kg.

For the application below it is necessary to calculate the Fourier transform

F (k)= JE"‘"‘FG.(IXI)&X (3

* On leave from the Department of Theoretical Chemistry, University of Ulm, D-7900 Ulm, West
Germany.
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of F(|x — x'|). After expression (2) is inserted in Eq. (3) it is useful to interchange the
order of integrations over x and over q. For the integrals over x we obtain with k = |k|

3 ,'k.ij(zq'_xL) _ l k 4
fd xe x| _kqh 2% (4a)
and
J‘dsxeik‘le(zth')=2_ng<_li> (4b)
x| q \2q
where
mmsh1“+l‘ (5)
u-—1
and
| —u?
=- . 6
g(u) 5 + ™ h(u) (6)

Using Eqgs (4a, b) the remaining integration over ¢ may be performed subsequently
yielding after a somewhat lengthy calculation

- mkp (2 K2
F k)= — hz—nI; {g YF— 6_KFln(KF + ¥r)
2kp + K
2k — K

Py 1 2 K
— -1
o [31( 2+ x5 + yy5) 6:| n

L1 1« 1n2+2w;—xxp
Ke\3k 6 24 2yyp + kKp
= F (k) (7
In Eq. (7), the following abbreviations have been adopted

+

Kp = aaoke; yp = (1 + xk3)'7? (8a, b)
K = aagk; y = (1 + ic?)V2, (8¢, d)

It is important in what follows to relate the above relativistic treatment to the
displaced charge Apy(x) due to the same potential V(x) in Eq. (1), as calculated from
Schrddinger’s equation. One can do this by taking the « — 0 limit of Egs (1), (2), and
(7) when one is led to the result given by March and Murray?, namely

Apo(x) = JFO(IX —x'DV(x) d>x’ €))

Here

. mk .jl(Zkle - x'])
23k |x —x'?

Fo(lx =x|) = (10)
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with Fourier transform
= mk k
Fotky= — 5> agl - 1
o)== a2 g<2kF> (I
The object of this work is to follow the proposal made in Ref. 3, namely to relate

Ap,(x) to Apy(x) in the present context. This is evidently equivalent to eliminating the
given potential V(x) between Eqs (1) and (9). Going over to Fourier space one finds
5 F(k)
Apk) = == Apy(k) 12)
P F (k) AP0 (
(this is Eq. (3.4) of Ref. 3). From Eq. (12) it follows formally that

Ap,(x) = fG,(IX — X'[)Apo(x) d*x’ (13)
with the kernel
— x’ — ,,,]7 i"(Q —ik(x—-x") 43}
G,(|x xl)_(2n)3JF0(k)e dk. (14)

If, however, the ratio F/F, falls off more slowly than ~k~? as k — oc, the integral of
Eq. (14) does not exist in the ordinary sense. An asymptotic analysis of this ratio yields
that

F (k) ,
- = A 0 ’\ - 15
Fy="t (k=2) (15)

as k - oc. The k-independent leading term is given by

3 22 VP — Kp
A, = kel 4 3kE) + §In[ 5 -0 16
4@[ pie(l o+ ) + <~,'F+»<p) (16)
Therefore, the kernel G, is divergent for x' = x. It can be represented, however, as the
sum of a convergent part and a part proportional to a é-function by writing

Gllx = x'|)=D(]x — x'|) + A,0(x — X') a7n
where the integrand of
! ’ — 1 ﬁ“(k) —~ik-(x—-x") 43
D,(|x xl)_(Zn)3J[F0(k) Aa]e d°k (18)

vanishes for k — =« rapidly enough, due to Eq. (15), to ensure convergence. By use of
Eq. (17) it follows from Eq. (13) that

Ap,(x) = JDa(IX ~ X' )Apo(x) dx" + A, Apo(x) (19)
We note that 4, —» | as « - 0, while D, — 0 in the same limit.

Equation (19), with the definitions (16) and (18), is the main result of the present
work. We note that while, of course, the result (19) hinges on the two underlying
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assumptions of (i) a given potential V(x) and (ii) a linear response calculation, the
relation exhibited in Eq. (19) is entirely non-perturbative in the fine-structure constant
a. Thus, it completes for this admittedly simple example, the proposal made in Ref. 3
for calculating the relativistic electron density p, from its non-relativistic limit p,.
Thus, using the tables of March and Murray?, Ap,(x) could be computed using Eqs
(7), (11), (16), (18), and (19), for a given electron liquid density characterized by wave
number kg.

References

1. R. Baltin and N. H. March, Phys. Rev. A, 37, 3942 (1988).
2. N. H. March and A. M. Murray, Phys. Rev., 120, 830 (1960); Proc. Roy. Soc., A261, 115 (1961).
3. N. H. March, Phys. Rev. A., 37, 1869 (1988).



